CHAPTER 5 NOTES — THE UNIT CIRCLE
AND RADIAN
MEASURE

Exercise 5A — Radian Measure

Ever wondered why your calculators are set on ‘rad’ when you buy them or reset them,
and we make you put them back on ‘deg’? Well, fear not! Your sleepless nights are
over. Today, we talk about radians! 2
Here we go...

Consider a circle of radius r.

D

The distance we would walk from A to E if moving anticlockwise would be _Z7Tv

z |
To get from A to B, the distance would be Ju" v = 5 Nr = < W
2
To getfrom A to C, the distance would be Ji g1V 5T r = LKs
3 6 3
To getfrom A to D, the distance wouldbe __ & e g Tiv = P

So, we can introduce a new measure of angle size called a radian.

One radian is the angle swept out by one radius unit around a circle and is
approximately equivalent to 57.3°.

Note that 1 radian is the same, regardless of the radius of the circle.

Degree Radian
= In much of what we do, it is easier to work in
90° 5 radians instead of degrees.
; To convert between radians and degrees:
180 i
A 3 . T
270 = : Degrees > Radians K
v 180
360° 21 Radians -> Degrees X




Example: Convert 45° to radians in tg‘rrn]s of
S x L | = (W
T 180 I

Example: Convert 126.5° to radians

12e.S % T = 253N = 2.2
160 3¢0

Example: Convert 5—673 radians to degrees
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Example: anvert‘ 0.638 Vradians to degrges

0638 x 180
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" Exercise 5A: page 122
Questions: all

Exercise 5B — Arc Length and Sector Area

The arc ]ccngH-\ is the distance around the circular part of the sector. The formula
that we are used to, [ = 3:¥0x 2nr, makes sense because this sector is part of a

prde .

Let's draw what we are talking about. 1\1,

When we are working in radians, the formula is:

Arc length = Or

To find the area of a sector, we are finding the area of partofa _¢ivrele . Thisis
why the formula we are used to, 4 = 3—‘267”2, is based on the area of a circle.

§\ A".Q,TNL

Another drawing:



When we are working in radians, the formula is:

1
Area of sector = 597*2

Example: A sector has radius 12 cm and angle 3 radians. Find its:
a. arc length

~ b.area
| f=8v |Al=te vt
= Sk el Y x 3xi2"
23w L
= 2

1ewft

Example: A sector has radius 8.2 cm and arc length 12.3 cm. Find its:
~a. angle in radians

'b. area
A= 6v [ | A —_7'—1’,9¢’~
'23‘_9’;g~2 - B -Lx|5'7‘31,
2
6 = .3 i IR
5.2 =/ S0.4Y3 cu?
e |°1.5¢

~ Exercise 5B: page 124
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Exercise 5C — The Unit Circle and the Trigonometric Ratios

The unit circle is the circle with centre (0,0) and radius _| wni+ .
Y

1

P(x )

-1

If P(x,y) moves around the unit circle such that OP makes an angle of 6 with the
positive x-axis then:

. . __opp
E55 = z;zj) Also sinf = v
. y
X o P
o8l = = ging = T
So the x-coordinate of P is % So the y-coordinate of P is —4

Notice that old man Pythagoras comes to the party with x? + y2 = 1

Replacing the x and y, we get @526+ _Sin*@ = |

3



Also noticethat—1<x<land-1<y <1
Therefore —1 < cosf < land —1< swme <1
Hopefully this last statement makes sense to you from the trig you have done before.

Anytime we try to do something on the calculator with sin or cos, it will only work if the
fraction is between —1 and 1.

We think about anticlockwise rotations being positive and clockwise rotations
being htagjj% ]

in6 BeA ,
Also, as tan 0 = —z—g;—g, we can use the unit circle to find the exact value(s) of tan 6.

Example: For the angle illustrated, write down the actual coordinate of point A and B.
Give your answer in exact form and then to three significant figures.

A

C 59°
B<

(Ot o] Lot | e R s | | o [EN | ol Lo Josh
\jvtwd S;wcs‘f.) = 08§77 .3 “toovd ' Sia (9.3‘) < =o.alb
D¢g s A (w359, 5i257) Ludiavs 0 (cosy:3, sia4:3)

ov A(a.ny,o.ksv) or 5(-0.90|,-o.1)5)

Example: Use a unit circle diagram to find the values of cos(—270%) and sin(—270)
B

Q.) E

D

°

w-toovd ? n “toevd :

r)(ngs (056'1')0 .) <0 S;q('zvo.)';'



Example: Use a unit circle diagram to find the values of cos (37”) and sin( )
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Example: Use a unit circle diagram to find the exact value of tan (2?")
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Now, if we think about the unit circle, there are _2¢0 degrees in total for one
revolution. If we go around to do a 29, 3, 4 etc revolution, we are just hitting the

same spots again and again. Because of this, we can say that:

cos 8 = cos(8 + 360k) where k is an integer

We typically talking in radians though, so the more useful stateme

cos 8 = cos(6 + 2km) and sin 6 = sin(6 + 2km)

ntis:

The tan function behaves a little differently. Instead of repeating itself every 2m, it
actually repeats itself every . To explain why this is the case, we will look at a couple

of specific examples.

Example: For 6 = g find cos 6, sin 6 and tan @

os (ﬂ/o) = ﬁ/z

Sim Cﬂ/b) = ’/2



Example: Now for an angle which js = more than the angle above, let’s find cos 6,
sin@ and tan 6 for 6 = 7—673 What do you notice?

' =3
(os () = 75

7N T & :
S"“(%) o ’Z— Sin ﬂ"‘drtv} Swa R LY

, y bt | v (P Sawe | yalue
- 7 %
faq ("%) = j‘;}; "f’}- a8 the fw&udm\ fxb\\-r(,g
Summary of Trigonometric Signs: &
A
This diagram tells us where each ratio is positive.
e ALL are positive in Q1 > E
e Sin is positive in Q2 < >
e Tan is positive in Q3 5 5 *
e Cos is positive in Q4
v

| always remember this by All Silly Turtles Crawl, but make up something that you’ll
remember! : ’

Example:
Quadrant Degree measure | Radian measure | sinf@ | cos@ | tan@

T
1 0<6<90 0<o< 5 + + +
2 awc¢e ¢ | "o + | - | -

3
3 weo ¢ | T Lo El - - |+
4 170 ¢ @ (30 ST’/')_ (e ¢ L — + -_

a. Complete the table.
b. In which quadrants are the following true?
i. sin@ is positive ii. tan@ is negative
Q.r, @.1 Q.12 Q. %

iii. cos@ and sin 8 are both negative

a3

Exercise 5C: page 130
Questions: all



Exercise 5D.1 — Applications of the Unit Circle

When completing this section, you must keep in mind that cos? 8 + sin?8 = 1

Example: Find the possible values of cos 8 for sinf = g and illustrate your answer on

a unit circle.
(ogzg ¥ Sint e =\

08?8 |4 (;%)L”

(os'@| =| &
_los@ = ¥J§
3
Example: If sinf = —% and m< 6 < 37" find cos 6 and tan 6. Give your answers in

exact values.
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Example: If tanf = —2 and 32—73 < 0 < 2m, find sinf and cos 6. Give your answers in

exact values.
448

_ 50

A

S{n@ = =2 Cos@
also | §in'0 3 o0l =
2
(-lwse) v (03’0 =1
Yos'0 +osle =
S50 =)

(058 °© !

>
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(os@ = J"? $1aB = :é‘
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Exercise 5D.1: page 134
Questions: all

Exercise 5D.2 — Finding Angles with Particular Trig Ratios

Degrees sin(180 — 8) = sin 6@

cos(180 — 8) = —cos 6

cos(360 — 6) = cos b

Radians sin(mr — 0) = sinf

cos(m — 0) = —cos 6

cos(2mr — 0) = cos @

Example: Find the two angles on the unit circle with 0° < 8 < 360° such that:

1
a. cosf ==
3

- e
B = (os (3)
8= ois3!
2@ *72.5° ov 34o°-70.5°
G 25° ov lg‘l.fa
SLEEES
Ofunees
. 3
b. sinf ==
4
6 = s;w\-'(s/q)
& = 48.54°
~02 48.6° ov 180" -4t.79°
& = 4%.° 6v 13).4°
0EGEEES

94

s
v




C. tanf =2

G- ‘f'dw-'(z)
O = ¢3.43°

@ % 63M |ov
@ = (34" ov
VEbuEe)

Example: Find two angles on the unit circle, with 0 < 8 < 2x such that:

a. sinf =-0.4

o s (o)
&6 = -0.912 |

IVaAR1-ra %

9w Mt 0412 ov

Cc. tanf = Lt
3

Bt (7))
8= -6.3r2

boe o0¢co¢rTm

o = T-0.322 v
6 2 2.%2 ov

160"+ 63.43°
243.4°

L7 -0-412

LT -0.322

S.16

bt  posibive

o

botee
e o el

»

-0-322

Exercise 5D.2: page 135
Questions: all



Exercise 5E — Multiples of /6 and /4

Multiples of 45.° - %

As the triangle is right angled and a known angle is 45°,
the triangle is isosceles. 1

Let's think about each side being of length a.
Then, to find a, Pythagoras helps us out again: _ 1 \

a’+a? =12 | 5 \
2a2=1 { T

So P is the point (\/%\/—15) [y

Summary:




Example:

3
a Use a un|t C|rcle to find the exact values of sina and cosa for o= T”

EREEEEERNYENEE NN ,[;’f,:ff;;;ﬁ gL )_l_ EEEE

- b. Nowfind tana

Example:
a. Use a un|t CIrcIe dlagram to f|nd the exact values of cosA and smA for 2 ?

}, — - - . S 7 SO O DU N S S — L 2
‘- |
Ll A i | il ] B e

TialpahbisiPg T e TP PP TTTTTT

e (2 - =

(1}

)

|

|

|

|

4

L

= Qsjs

£ |

\:1

\l

\

|

|

\

b Now fnd tanA

2 f (R

e cos (473) ]
L =k . .

~ Example: Without using a calculator, find the value of 8sin(60°) cos(150°)

‘rih * -ﬁ/l [@('z L(w@)

8 si(00") Cos (1507) = ¥
1 %

b S
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Example: Use a unit circle diagram to find all angles between 0° and 360° which have

a cosine of 1
"y $h) 6o° =
A%( N 1) bo awd 300" bhave Cosvae a(' ’/z
\P/( v~ 3/1. 300°

Exercise 5E: page 139
Questions: all
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Exercise 5F — The Gradient of a Straight Line

If a straight line is inclined at an angle ) to the positive x-axis, then its gradient is
m = tan 6. Let's prove this below:

L} 1 jﬂul-cd' 3 ﬂ "f
x—m'
- = Sld("
w.sé
- - = ‘*’ﬁwo
T m
Example:
a. Find the gradient of the line we are about to draw.
b. Hence, find its equation.
L T 7T T & j T F . F T T .‘- \ 71 T 1 T T"if |
| a) n J-a-. /|, R L
B R (O IO VO [ b) 3 "‘" " § =y e e S ,1
a Ll Plaler gaeh e

" Exercise 5F: page 142
Questions: all
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